We present a study of collisional dynamics between space debris and an operational vehicle in LEO. We adopted an approach based on the relative dynamics between the objects on a collisional course and with a short warning time and established a semianalytical solution for the final trajectories of these objects. Our results show that there are angular ranges in 3D, in addition to the initial conditions, that favor the collisions. These results allowed the investigation of a range of technological parameters for the spacecraft e.g., fuel reserve that allow a safe evasive maneuver e.g., time available for the maneuver . The numerical model was tested for different values of the impact velocity and relative distance between the approaching objects.
Introduction
On July 24, 1996, the first accidental collision between an operational satellite and a piece of debris was recorded: the French microsatellite Cerise was hit, at the relative velocity of 14.77 km/s, by a fragment of about 10 cm, coming from the explosion of an Ariane rocket upper stage that happened ten years before. As a matter of fact only a few debris were produced by this event due to the particular geometry of the collision. But this was a clear sign that collisions in space are indeed a real threat. In 1999 and 2000 there was a serious warning about a possible collision of the Iridium constellation 1, 2 . Then, 13 years later on The Iridium event made clear that collision avoidance and space traffic management are going to be a fundamental part of the future space practices. All the unclassified spacecrafts currently in orbit are cataloged by the United States Strategic Command USSTRATCOM in the two-line Element TLE catalog. In this catalog about 16 000 objects are listed along with their current orbital parameters. The limiting size of the objects included in the catalog is about 5 to 10 cm below a few thousand km of altitude and about 0.5 to 1 m in higher orbits up to geostationary . Only about 6% of the objects in the TLE catalog are operative satellites. Starting from the tracking data acquired by the SSN, the US Joint Space Operations Center JspOC is currently providing satellite operators with information on dangerous close approaches involving selected spacecraft. On the basis of this information the operators can now decide to perform avoidance maneuvers for their own satellites.
This practice will become more and more important in the future as all the longterm evolution models have shown that there is a growing risk of collision in Earth orbit for the coming years 3 . Moreover, collision avoidance, together with active debris removal, is apparently a mandatory mitigation measure to prevent the onset of a collisional cascading in the most crowded zones of LEO 4 . In this paper the possibility to perform a fast avoidance maneuver for a spacecraft on a collision course with a space debris is explored.
The Mathematical Model
In this work we use a reference system centered on the satellite, as shown in Figure 1 . This reference frame is fixed in the satellite body with the x-direction pointed in direction opposed to Earth perpendicular to the satellite orbit, the y-direction is in the direction of satellite fly on the orbital plane, and the z-direction is normal to the satellite orbit. We based the mathematical model on Hill's equations 5, 6 . These equations describe the relative motion between two orbiting bodies, the active spacecraft and the space debris in our case. For the sake of simplicity the satellite orbit around the Earth is assumed to be circular a reasonable assumption when dealing with LEO satellites whose orbits are almost circular . The angular velocity is therefore constant, ω ω z.
2.1
In the dynamical model for the orbital motion of the two objects, both gravitational and nongravitational forces are considered. The Cartesian components of the acceleration can be found by developing in the Taylor series the ratio | r|/| R| 1 of the relative distance between the spacecraft and the debris, r, and the distance of the spacecraft, R, from the center of the Earth. The equations areẍ
2.2
Mathematical Problems in Engineering The homogeneous form is obtained when f x f y f z 0 which are called Clohessy-Wiltshire equations.
Avoidance Maneuvers Strategy
Equations 2.2 will be used to study evasive maneuvers in case of a possible collision detected with a very short warning time. The avoidance strategy is based on the following steps. To perform the avoidance maneuvers simulations, values of the initial velocity compatible with the space debris velocities were selected. With the above equations many sets of initial conditions position and velocity and collision times can be found, for different ranges of space debris velocities. One of the CCIC and the related collision time were selected as the "nominal solution" to simulate evasive propulsion maneuvers. The choice of the nominal solution is not completely arbitrary, but rather a solution that better characterizes the real collisional conditions of space debris. We chose a solution where the relative velocity between the objects is approximately 8.0 km/s with nonplanar approach i.e., both spherical angles, θ, φ , are different from zero, see Figure 1 . The average relative velocity of impact in LEO is approximately 10.0 km/s. This speed was found only for short collision times and it has a difficult implementation for evasive maneuvers. However, in this same region and with speeds of 8.0 km/s, spacecraft on a collision course with a debris has enough time to implement evasive maneuvers.
The collision time was set about 45 minutes, that is, we are considering very short warning time. This limit situation could be applied, for example, to a future situation on a spacecraft with active scanning radars on board or satellites in hostile environment. The choice of 45 minutes is not arbitrary, since for evasive maneuvers typically, on average, more than 20 minutes are required for internal calculation on an on-board computer for a new orbit of the vehicle in a collision course and its implementation.
To perform evasive maneuvers we exploited the solution of the nonhomogeneous equations describing the relative propelled motion 2.2 . For this purpose we consider an exponential variation of the fuel mass as a function of time. This choice is motivated by the fact that we know that mass engines require high expenditure of energy per second, producing such high thrust. In this sense, engines more efficient with respect to the energy would be those which produce low thrust forces. The exponential model of the mass is more appropriate for this case.
The propulsion force depends on the following relations:
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and is given by
3.4
With the non-homogeneous equations we performed numerical simulations of the relative coordinates and velocities during the collision time interval found with the homogeneous solution without propulsion . With this procedure it is possible to verify if the selected collision time is enough to perform the evasive maneuver. If the time interval is long enough we find the physical namely, the initial conditions and the technological propulsion system characteristics allowing the avoidance maneuver.
The solution of the non-homogeneous equations is:
3.5
The identified technological parameters are the gas exhaust velocity v ex , v ey , v ez , the power factor of the engine γ > 0 , and the mass factor χ, that is, the mass ratio between the spacecraft mass M 0 and the initial propellant mass m 0 . The coefficients of the Cartesian coordinates and solution of the non-homogeneous equations are constant, given by
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3.6
The non-homogeneous solution on this dynamic, 3.5 , has coefficients that depend on the technological parameters, as shown in 3.6 . This means that evasive maneuvers can be controlled through the implementation of parameters that are defined by the available technology applied. The mathematical relation between the mass factor and the power, for typical space flight situations, is as the following:
where ΔV is the velocity increment during the propulsion phase and V e is the magnitude of the gas ejection velocity. N is therefore the consumption rate of the propellant for unit of escape velocity. For small orbit correction maneuvers N is typically lower than 1. We simulate different evasive maneuvers, taking into account different space debris and space vehicles dimensions, the known collision time, and the final relative position of the two objects in space. Considering the space debris r d and the space vehicle r v as spherical objects, the collisions are analyzed based on the relations between their diameters. Note that varying the selected diameters we can also account for uncertainties in the orbit determination, that is, we can somehow account for the known covariance ellipsoid of the 
3.10
Following the procedure outlined in this section we can find the allowed avoidance maneuvers on the basis of the identified parameters.
Results
In this section we will show the results of the numerical simulations of the parametric analysis of the avoidance maneuvers.
Collisional Configurations
Our analysis of the results depends on our set of initial conditions elements for some time interval. There is an infinity number of possible collisions and the problem changes quantitatively with the time interval. Then, we will use the technological limitations to restrict the time interval and analyze the collision only to a limited set of initial conditions. The results of numerical simulation of the homogeneous solution equations on the relative dynamics allowed us to catalog the initial conditions favorable to collisions between space objects. This set of initial conditions was identified as the configurations that the collisional system spacecraft debris can take. That is, they are the states that the system can take on a collision course for relative distances between 3 and 500 km. The number of states are called "collision possibilities". In Figures 3-5 we show the distribution of the number of the collisional configurations collision possibilities relative to our set of initial condition and time interval of 0 s to 3 000 s, and a time step of 1 s, which we found considering the situation where the spacecraft is at the center of the reference system and the debris are initially on a sphere of radius variable from 3 to 500 km and is approaching the spacecraft with a velocity that can vary between 0 and 20 km/s. The limits above were conceived due to the technological feasibility and the precisions required for space missions.
These Figures give us an idea of the huge number of theoretical collisional configurations which we are dealing with in such a short-time interval.
Figures 4 and 5 show the upper end of the velocity distribution considered in the simulations. Figure 3 shows that the number of collisions is actually three orders of magnitude higher if low velocity around 1 km/s was considered.
It turns out that the vast majority of the collisions happen for very small values of the initial relative velocity and for very small initial distance between the objects. Nonetheless, from Figures 4 and 5, it can be also shown how larger values for the initial relative velocity and larger values for the initial separation and a significant number of collision possibilities could occur.
It is clear that large initial distances require large initial relative velocities to lead to a collision within the short-time span investigated while, for small initial distances, very small encounter velocities allow many collision configurations. Restricting the investigated time interval to a more reasonable reaction time, that is, from 1200 to 3000 seconds e.g., see Figure 5 , it can be shown that the general qualitative behavior is similar to the one observed for the whole-time interval. 
Dynamics of the Avoidance Maneuvers
In this section we outline the results of our simulations for avoidance maneuvers dynamics, based on parameters derived in the previous section. Figure 6 shows the relation between the mass and power factors, as a function of N. Small values of N are preferred since they imply lower propellant consumption. The figure shows that small values of N still allow the choice of several different mass and power factors i.e., different kind of engines to perform the avoidance maneuver. Note that, from 3.8 , the fuel consumption is related to the gas exhaust velocity. The power factor γ gives a measure of how fast the propellant is used by a given engine. Different values are listed and investigated since it is not easy to find in the open literature typical values for this technological parameter. The graphic confirms that for high power factor and low quantities of fuel the evasive maneuver will be possible to exhaust high speeds small values of N . Maintaining the high exhaust velocity, the operation to lower power due to technological limit may be performed with less fuel large values of χ . In the following simulations the nominal solution chosen is initial relative distance r 0 3 km, angular coordinates out-plane φ 68
• and in-plane θ 57
• , collision time 2667 s, gas exhaust velocity 2.5 km/s, initial relative velocity ∼7.8 km/s, mass factor 10, and power factor 10 −6 . The choice of the mass and power factors was done by using the values of N from 3.7 and 3.8 . Of course the proper values are those that allow evasive maneuvers with ΔV values lower than the escape velocity, v e , considering the limited amount of fuel on board for a typical spacecraft. Figure 7 shows the values of the two objects relative distance, as a function of time. The red line is the homogeneous nominal solution, that is, the no-propulsion case leading to a collision in 2667 s. The other lines refer to different power factors γ, for gas exhaust velocity of 2.5 km/s. We observed that as the values of γ grow, the corresponding curve moves away from the homogeneous line, featuring collisions with objects of larger sizes. This means it is possible to avoid collisions with even smaller objects with this value for this parameter.
Knowing the dimension of the objects or better the dimension of the uncertainty envelope around each object it is easy to determine if the avoidance maneuver is enough to avoid the collision. In particular, from Figure 7 it can be noticed how, for very short times, the propelled trajectories do not deviate significantly from the collision course. With growing time, the propelled trajectories separate from the nominal one, up to about 1000 km in the highest line. In all the propelled cases the collision is easily avoided by hundreds of km. Therefore we performed a set of simulation lowering significantly the power factor. Further lowering of γ the maneuver might not be effective to prevent the collision, taking into account the uncertainties involved in the process. Therefore, fixing the value of γ 10 −6 , Figure For all the chosen values of v e the maneuver is enough to avoid the nominal collision homogeneous case , even if, for the lowest values of v e , the final miss distance is such that the possibility of a collision cannot be completely ruled out for large position uncertainty. Figure 9 shows how the possibility to avoid a collision is related to the amount of fuel on board χ and to v e . With large amount of fuel available small χ powerful maneuvers can be performed leading to large final separations. The situation reverses when we go to large values of χ. In this situation, it is not possible to implement an evasive maneuver in curse with large objects, even with high exhaust velocities. For this condition it will be only possible to implement evasive maneuvers with objects up to a few hundred meters. Tables 1-3 give a numerical summary of some results described in this paper. In Table 1 the attainable miss distances after a maneuver as a function of mass factor and exhaust velocity are given. Table 2 shows the same miss distance as a function of the power factor and exhaust velocity. Table 3 gives the miss distance that can be reached starting from different initial distances r 0 and initial relative velocities v 0 . For a very small initial separations it is clearly necessary to have considerable exhaust velocities, whereas for significant initial distance easier maneuvers can be performed. The sum of the radii of collisional objects vehicle and debris has maximum value represented by the miss distance. The effect of v e is the removal of objects to maneuver with practically the same time of collision. When the initial relative position increases, the phenomenon is repeated with little variation in the time of collision due to the effect on the initial velocity.
Discussion and Conclusions
In this work we investigated the possibility to perform evasive maneuvers for a spacecraft in an extreme situation, such as a collisional course to a spatial debris and with very short time to reaction.
Our results highlighted the values of realistic technological parameters of a typical spacecraft for which an evasive maneuver can be performed for many different initial configurations. The technological parameters investigated include the engine power, the propellant mass, and the escape velocity of the gas. The position uncertainty of the spacecraft and the approaching projectile are taken into account, considering also large spacecraft dimensions. Our results were obtained for initial relative velocities 8.0 km/s near to LEO mean velocities 10.0 km/s , with time just enough to implement the evasive maneuver. For small spacecrafts and low on-board fuel 1 < χ < 10 in this region would collide with objects of tenth of meters, or even a few kilometers, while mid-size spacecraft 10 < χ < 100 would collide with much smaller objects. Furthermore, we observed that smaller power factors are favorable to collide with smaller objects for any gas ejection velocities, providing collisions with meter size objects 10 −7 < γ < 10 −6 . This means that we can make technological adjustments to the vehicle propulsion system, enabling the spacecraft to avoid the collision with particles with this order. Generally, the results show that the technological parameters are determinant for the set of initial conditions favorable to collisions, in this way, a space mission could be controlled from the coefficients of the equation solutions which depends on such parameters, taking into account the relative positions of the collisional objects.
